Abstract. The goal of the paper is to prove the following theorem: if A,D are unital C * -algebras, A simple and nuclear, then any C * -subalgebra of the C * -tensor product of A and D, which contains the tensor product of A with the scalar multiples of the unit of D, splits in the C * -tensor product of A with some C * -subalgebra of D. 
Proof. Clearly, {Φ ∈ I A ; Φ(A) ⊂ C1 A } = K · 1 A with K ⊂ S(A) convex. K is also weak* closed. Indeed, if K ψ ι → ϕ ∈ S(A) in the weak* topology, then I A ψ ι · 1 A → ϕ · 1 A in the topology of pointwise norm convergence; hence
Let us denote for any a ∈ A
By [H-Z], Corollary of Theorem 4,
and, plainly,
Using the idea of the proof of Lemma 4 in [D] , Ch. III, §5, it is easy to see that, for every
Fix some a ∈ A and λ1 A ∈ C A (a). Since the closure of contains some Ψ. Clearly,
Fix now also some b ∈ A. For every ϕ 1 , . . . , ϕ n ∈ A * and ε > 0 there is some
and then some
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It follows that the downward directed compact sets
are not empty; hence their intersection contains some
By the above,
Moreover, since Ψ|A takes values in C1 A ⊂ A, it belongs to the pointwise σ(A, A * )-closure of the convex set
which is the pointwise norm closure I A of F A . We conclude: for any a ∈ A and any λ · 1 A ∈ C A (a) there exists Φ ∈ I A with Φ(A) ⊂ C1 A and Φ(a) = λ · 1 A . In other words,
By the Hahn-Banach theorem K = S(A) follows if we show that for every a * = a ∈ A with
But, according to [H-Z], Corollary of Theorem 4, we have for every
so, by the above, ϕ(a) = ψ(a) for some ψ ∈ K and (*) yields
Now we prove the main ingredient for the proof of the announced theorem:
Then, for any state ϕ on A,
Proof. First we reduce the proof to the case in which A has no tracial state. Let A 0 be any simple unital C * -algebra without tracial state (e.g. the Calkin algebra or a type III factor of countable type), and ϕ 0 any state on A 0 . Then A 0 ⊗ min A is a simple unital C * -algebra without tracial state and
If we assume that in this case
Now let us assume that A has no tracial state. According to the Approximation Lemma there exists a net (Φ
Since every Φ ι ⊗ id D is contractive, it follows that
Proof of the theorem. C ∩ (1 A ⊗ D) is of the form 1 A ⊗ B for some C * -subalgebra B ⊂ D and we have to prove that the
By the Invariance Lemma
where
In other words,
Since A is nuclear, we can apply S. Wassermann's slice map theorem ( [W] , Prop. 10) and conclude that C ⊂ A ⊗ min B.
We notice that in the above proof the nuclearity of A was used only by applying Wassermann's slice map theorem to A. It is an open question whether this slice map theorem holds assuming A only exact, that is, if 2.3 and [Ki] , Section 9). In the case of positive answer it would be enough to assume in our theorem A simple and exact.
Since the closure of the union of every upward directed family of nuclear C * -subalgebras is still a nuclear C * -subalgebra (see e.g. [M] , Th. 6.3.10), the Zorn lemma implies that any nuclear C * -subalgebra is contained in a maximal nuclear C * -subalgebra.
Proof.
The nuclearity of C implies the nuclearity of B 0 , and then the maximal nuclearity of B in D yields B 0 = B. Thus
We notice also that in the case of positive answer to the above slice map question for exact C * -algebras, when our theorem would follow for A only simple and exact, a counterpart of the above corollary would hold for maximal exact C * -subalgebras.
Note added in proof. After this work was completed, we learned that our theorem was independently obtained also by Joachim Zacharias in his preprint: "A note on a result of Ge and Kadison and its C * -algebra version", 1998. He uses a different way to approximate states on simple unital C * -algebras by elementary mappings.
